Self-interactions in the space-time of a scalar-tensor cosmic string 
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We study the effect of the geometry and topology of a scalar-tensor cosmic string space-time on 
the electric and magnetic fields of line sources. It is shown that the dilatonic coupling of the gravity 
induces effects along the string comparable to a current flow allowing for forbidden regions near the 
string. 



PACS numbers: 98.80.Cq;11.27.+d 

I. INTRODUCTION 

It is a well known fact 0, Q that a point charge in 
a static gravitational field experiences an electrostatic 
force due to the deformation of its electric field lines 
produced by the geometry of space-time. The net ef- 
fect is a self-force on the charge. The study of self-forces 
on electric charges in the presence of topological defects 
started when Linct and Smith 4] found the electrical 
self-force on a point charge in the presence of a cosmic 
string. Bezerra de Mello et al. [f| found both the electric 
self-force on a line of charge and the magnetic self-force 
on an electrical current parallel to a cosmic string. 

All the above-mentioned results have been obtained in 
the framework of Einstein's gravity. Here, we intend to 
generalize these results considering a scalar-tensor grav- 
ity. The motivation for this relies on the fact that, the- 
oretically, the possibility that gravity might not be fun- 
damentally Einsteinian is gathering credence. This is in 
part a consequence of superstring theory 6], which is 
consistent in ten dimensions (or M-thcory in eleven di- 
mensions), but also the more phcnomenological recent 
developments of "braneworld" scenarios 0, @ have moti- 
vated the study of other gravitational theories in four- 
dimensions. In fact, the origin of the (gravitational) 
scalar field can be many: the scalar field arising from 
the size of the compactified internal space in the Kaluza- 
Klein theory; the zero mode (dilaton field) described by 
a symmetric second-rank tensor behaving as space-time 
metric at low energy level in the closed string theory; the 
scalar field in a brane world scenario; and more In 
any case, clearly, if gravity is essentially scalar-tensorial 
there will be direct implications on observed effects both 
in the small scale scenarios of alternative theories of grav- 
ity 0> El 113 and in the larg e scale cosmological 
scenarios from modified gravity |14| . 

It is our interest here to consider small-scale effects 
and to show these modifications to the case of a scalar- 



tensor cosmic string. In this work we find the self-energy 
and self-force on a line source in the presence of a scalar- 
tensor cosmic string. We look both at the case of the 
source being a line with uniform charge density or a con- 
stant current and, in doing this, we get information of 
both the electric and magnetic self-interactions. We have 
chosen to apply here the method developed by Grats and 
Garcia in the ref. which consists in describing the 
renormalised quantities using Riemannian coordinates, 
and in choosing the origin of the Riemannian frame at 
the centre of the geodesies. This method has been proved 
to be quite successful and, with our calculations, we gen- 
eralize the work previously done by one of us in ref. |5( • 
The layout of this work is the following. In section 2, 
we calculate the self-energy and the self-force on a line 
source in the presence of a scalar-tensor cosmic string. 
We compare these expressions with the ones obtained in 
the General Relativity case. In the section 3, we summa- 
rize our main results. 



II. THE SELF-ENERGY AND THE 
SELF-FORCE ON A LINE SOURCE 

The solution of Einstein equations for a straight infinite 
cosmic string in the framework of the scalar-tensor theory 
was found, in the weak field approximation, by one of us 
|16|. The line element, in cylindrical coordinates, with 
the string placed along the z-axis, is given by 



ds 2 



= [l + 8G oAt a 2 ((/>o)ln(i?/i? c )] 

• i-dt 2 + dz 2 + dR 2 + f3 2 R 2 dip 2 ) 



(1) 



where 1 = (1 — %Gq\l). Here, Go is the ^-dependent ef- 
fective gravitational constant defined as Go = G*A 2 (cf)o) 
(G* being some bare gravitational coupling constant, A 2 
is an arbitrary function of the dilaton field), a 2 (<fio) is a 
Post-Newtonian parameter which expresses the coupling 
between matter and the dilaton field and </>o is the value 



2 



of the dilaton field evaluated by solar systems experi- 
ments [r?| . 

Since our problem is effectively two-dimensional, we 
will work with the (i=const, z=const) section of metric 
(|T|) . For convenience, we perform the change of variables 



R 



P 



(2) 



in order to write the two-dimensional metric in conformal 
fashion, 



ds 2 = exp [-O(r)] (dr 2 + r 2 dip 2 ) , 



(3) 



where 

O(r) = -In \ r 2/3 ~ 2 



l + 8G Ma 2 (</>o)ln 



Consider now an infinitely long straight wire, placed 
parallel to the z-axis, at the position r = [r , tp'), with 
uniform linear charge density A. The corresponding 
three-dimensional charge density is 



(5) 



Given an arbitrary distribution of charge p(r),thc elec- 
trostatic energy is given by ^g] 



W = 



1 



p(r)G {3) (r,f')p{f')d 3 rd 3 r', 



(6) 



where G^ (f,r') is the three-dimensional Laplacian 
Green function. In our case, the problem is effectively 
two-dimensional. So, the electrostatic energy per unit 
length is 



% = = / / p(?)G<?\f,r')p(r')d 2 rd 2 r', (7) 
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2 

(2) -> -» 

where G^ (r, r ) is the two-dimensional Green function 
in the space described by metric 

By substituting JSJ in J7J and taking the limit r — > r' 
the electrostatic energy per unit length is obtained as 

U e J.K A 2 



1 — o d \ ' ■>' )\reg, 



(8) 



where G^' (r ', f r )\reg is the regularized Green function 



Gf (r',r')\ 



lim 



Gf {?,?') -G^\r,f')]. (9) 



Here, G^ 2 ^(r, r') is the Euclidean Green function, solu- 
tion of the two-dimensional Poisson equation 

A E G (2) {f,f') = -4n5 2 (r-r'), (10) 

where is the two-dimensional Euclidean Laplacian. 



The regularization, by extraction of the divergent part 
of the Green function, is necessary in order to obtain 
a finite result for the energy. On the other hand, this 
also guarantees that no finite self-energy survives in the 
absence of the cosmic string. 

It has been shown by Grats and Garcia [15J that, since 
any two-dimensional metric can be put in the form given 
by eq. J3J), the Laplacian Green function in the corre- 
sponding space can be expanded in terms of the geodesic 
distance a(r, r'), such that 



-Gf>(r,r') = hx[2a(f,f')]+n(r) 



-(2(7)- 
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Q(a 2 



(11) 



where 2cr(r, r ') is the squared geodesic distance between 
the points r and f', t a is the tangent vector to the 
geodesic at point r, and the tensor 9 ab has the form 



e ab = v a nv b n - -g ab v c nv c n + v 2 ab n, (12) 

where V a is the covariant derivative and g ab is the metric 
tensor. 

Since the Euclidean Green function can be written as 



G (2) (f,f) = - In [2(r(r, r ')] 
it turns out that |l5| 

Gf{r\r')\ reg = -n(f'). 



(13) 



(14) 



This equation shows explicitly that the self-energy ap- 
pears from the geometry induced by the defect. 

Using 114fl . iJSJ, Q and returning to the variable R, 
eq. (0), we get 



U, 



ele 

T 



x 2 



in 



{(PR) 



2-2/13 



1 + 8G0HU 



In — 



(15) 



and 



U e le 



A^ 
2R 

8G pa 2 {M 



8GoAi« 2 (^)ln(£) 



1 



(16) 



Notice that, when a 2 (<fio) — ► 0, we recover the Einstein 
gravity result, equation (18), of reference 

Now, in order to study the magnetic self-force, we con- 
sider the infinitely long straight wire carrying the current 
density 



-a T 8(r - r')8((p - ip') ^ rI Y2W- ~/\ 
-) = — — —z = IS ( >(r - r )r 



(17) 
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The magnetic analogue of equation (J7J) is 0] 

= ±ff J{r) ■ J(nGf\r,r>)d 2 rd 2 r', (18) 
which results in 



^rnag _ I ^(2) , -,/ 

Z ~ 2c 2 d ^ ^ |r ' "' 



(19) 



analogous to equation (jHJ). 

As shown in [5j , the magnetic self- force per unit length 
is given by 



F, 



(20) 



l v 1 

Equations (J20J) , {EH combined with and QJ result 




FIG. 1: The electric self-force per unit length F as a function 



of x — R/Rmin for [3 = 0.5 and A 
represents the GR result. 



1. The continuous line 
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/ l + 8G O Ma 2 (0o)ln(£) 



f. (21) 



Comparing the expression for the magnetic self-force, 
eq. ()21J) . with the one for the electric self- force, eq. (|16J) . 
we see that they are proportional to each other: 



± man 



I 2 F, 



(22) 



I c 2 A 2 I ■ 

Let us discuss now the behavior of the self- force. From 
equation 116|) it is clear that R can not be less than 

1 



R c exp - 



8G ^a 2 



In fact, writing Ijl6(l in terms of R m in, we get 



I 



2i? 



|9 



In 



(23) 



(24) 



This is in complete agreement with the metric which 
makes sense only for R > R m im as can be easily verified. 

Notice that, for R » R m i n the behavior of both the 
electric and magnetic self-forces approaches that of the 
corresponding General relativity (GR) results 0: 



F e le 



A 2 n 
R U 
I 2 fl 



(25) 
(26) 



This behavior is seen in Figure 1 for x = R/R m i n >> 1. 

Note in Figure 1 that the force changes its sign at some 
R = Rq which can be obtained from eq. (|24|l with the 
condition F e i e /l = 0, 



Ro — Rmin exp 







2(1-/3) 



(27) 



Differently from the GR result which is always repul- 
sive, the Scalar- Tensor (ST) electric force is attractive in 
the range R m in < R < Rq- Eq. (|2*2"|) implies a simi- 



lar analysis to 



with inverted behavior: the mag- 



netic force is attractive for R > Rq and repulsive for 

Rmin < R < Rq- 



III. CONCLUSIONS 

In ref. [2(|, one of us investigated the internal na- 
ture of ordinary cosmic vortices in some scalar-tensor 
extensions of gravity. Solutions were found for which 
the dilaton field condenses inside the vortex core. These 
solutions could be interpreted as raising the degeneracy 
between the eigenvalues of the effective stress-energy ten- 
sor, namely the energy per unit length U and the tension 
T, by picking a privileged spacelike or timelike coordinate 
direction; in the latter phase frequency threshold 

occured that is similar to what is found in ordinary neu- 
tral current-carrying cosmic strings. It has been found 
that the dilaton contribution for the equation of state, 
once averaged along the string worldsheet, vanishes, lead- 
ing to an effective Nambu-Goto behavior of such a string 
network in cosmology, i.e. on very large scales. It has 
been shown also that, on small scales, the energy per unit 
length and tension depend on the string internal coordi- 
nates in such a way as to permit the existence of centrifu- 
gally supported equilibrium configuration, also known as 
vortons, whose stability, depending on the very short dis- 
tance (unknown) physics, can lead to catastrophic con- 
sequences on the evolution of the Universe. 

This statement is in a remarkable agreement with our 
present result. Indeed, in this work we determined the 
electric and magnetic self-interaction of line sources in 
the presence of a scalar-tensor cosmic string. When the 
source is placed away from the defect (long scales), the 
self-interaction is quite similar to the result obtained in 
the General Relativity framework. On the other hand, 
near the defect, the dilaton field introduces interesting 
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new phenomena: a forbidden region < R < R m in and 
an inversion of the electric (magnetic) self-force behav- 
ior, going from repulsive (attractive) in the far region to 
attractive (repulsive) in the near region. 

Our main conclusion is that the coupling between a 
cosmic string and a scalar-tensor gravity is shown to in- 
duce effects along the string comparable to a current flow 
in the sense that the resulting effective stress-energy ten- 
sor eigenvalues, the energy per unit length U and tension 
T, were no longer degenerate, due to the presence of the 
dilaton. Our model reproduces an Abrikosov flux tube 



coupled to a disclination in a condensed matter system 
|2l| . We plan to continue our future works in this direc- 
tion. 
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